In this paper, we prove that every module has a W-injective coresolution and we study the dimensions of right orthogonal class of pure projective modules. It is shown that
Introduction
Throughout this paper, R denotes an associative ring with identity and all Rmodules, if not specified otherwise, left R-modules.
The notions of (pre)covers and (pre)envelopes of modules were introduced by Enochs in [3] . Since then the existence and the properties of (pre)covers and (pre)envelopes relative to certain submodule categories have been studied widely. The theory of (pre)covers and (pre)envelopes, which plays an important role in homological algebra and representation theory of algebras, becomes now one of the main research topics in relative homological algebra.
Let C be a class of left R-modules. Following [3] , we say that a map f ∈ Hom R (C, M ) with C ∈ C is a C -precover of M , if the group homomorphism Hom R (C ′ , f ) : Hom R (C ′ , C) → Hom R (C ′ , M ) is surjective for each C ′ ∈ C . A C -precover f ∈ Hom R (C, M ) of M is called a C -cover of M if f is right minimal. That is, if f g = f implies that g is an automorphism for each g ∈ End R (C). C ⊆ R − M od is a precovering class (covering class) provided that each module has a C -precover (C -cover). Dually, we have the definition of C preenvelope (C envelope).
The conceptions of pure subgroups were first investigated by Prüfer in [7] . Pure subgroups were generalized in various techniques in theory of modules. Pure projective modules come behind closely from the ideas of Prüfer's paper [7] . A module is said to be pure projective [8] if it is projective with respect to pure exact sequences. The classification of coresolutions and dimensions of modules is an important and interesting subject in relative homological algebra. One of the motivations for studying the class of all pure projective modules is a study of coresolutions and dimensions of injectivity of the same class.
The notions of F P -injective modules and F P -injective dimensions of modules and rings were first introduced by Stenström in [12] . The F P -injective dimension of an R-module M is defined to be the smallest nonnegative integer n such that M has an F P -injective coresolution of length n. Let W be a class of modules. Mao and Ding in [6] introduced the concept of W-injective modules. A left R-module M is called W-injective if Ext 1 R (W, M ) = 0 for all R-modules W ∈ W. C. Selvaraj et. al. [10] introduced the concept of W-injective modules where W is the class of all pure projective modules.
M denotes a category of left R-modules. Clearly, M is an abelian category with enough injectives. The class W ⊥ of W-injective modules is a full subcategory which is closed under isomorphisms. Similarly, a subcategory of a subcategory W ⊥ of M always means a full subcategory of W ⊥ which is closed under isomorphisms. By P(M) and I(M) we denote the classes of all projective and all injective objects of a category M, respectively.
Recall that a subcategory C of M is called coresolving if I(M) ⊆ C and for every short exact sequence 0
. Given a class C of left R-modules, we write
In the present paper is organized as follows: In Section 2, we prove that every module has an W-injective coresolution and discuss the coresolution dimensions cores.dim W ⊥ (−) for a coresolving subcategory W ⊥ . In Section 3, we investigate W-injective coresolution dimensions of modules and give its characterization. It is shown that F cores.dim W ⊥ (M) = sup{pd(F ) : F is a pure projective left R-module} = sup{cores.dim W ⊥ (M ) : M is any left R-module}.
In Section 4, we give some equivalent conditions of W-injective envelope with unique mapping property. It is shown that every pure projective R-module has a W-injective envelope with the unique mapping property if and only if every pure projective R-module is W-injective if and only if Ext 1 R (M, N ) = 0 for all pure projective R-modules M and N ; if and only if every projective R-module is Winjective if and only if every pure projective R-module is injective if and only if every pure projective R-module has an injective envelope with the unique mapping property.
W-injective coresolution and its dimension
In this section, we discuss the coresolution dimensions cores.dim W ⊥ (−) for a coresolving subcategory W
⊥ . An injective coresolution of M ∈ ObjM is an exact sequence
with E i an injective module for each i ≥ 0. Now, we give an analogous sequence using W-injective modules instead of injective modules. By [10, Theorem 6 .2] and [13, Lemma 1.9], every module over an arbitrary ring has a special W-injective preenvelope. 
Then we have a commutative diagram
Hence the sequence
Continuing this process we get an exact sequence
By Theorem 2.2, we can deal with W-injective coresolution dimension of an R-module M.
The W-injective coresolution dimension of an R-module M, denoted by cores.dim W ⊥ (M ), is defined to be the smallest nonnegative integer n such that M has an W-injective coresolution of length n. In other words, Ext 
Now we define β ↾ imφ : A ′ → imφ, where ↾ is a restriction map. Then there exists γ :
Hence we have the following commutative diagram
The W-injectivity of M 1 yields a homomorphism γ 1 :
Proof. The class M has enough injectives. Then there is an exact sequence in M
with I i ∈ I(M) for each i ∈ {0, 1, · · · , n − 1}. From the following complexes
Then the following two sequences in M :
By Proposition 2.4, W ⊥ is coresolving. Thus G and H are in W ⊥ . From the following short exact sequences, 0
. Now we consider the following exact sequences:
By Lemma 2.5, we immediately have the following.
Proposition 2.6. For M ∈ ObjM, the following conditions are equivalent:
Let fi W ⊥ denote the subcategory of M whose objects have finite W ⊥ -coresolution dimensions. Then we have the following Lemma 2.7.
( 
is hold by Proposition 2.6. Thus N ∈ fi W ⊥ if and only if M ∈ fi W ⊥ . Now we show that either all the three objects are in M or cores.dim
The assertion is vacuously true when any one of the objects is zero. Suppose all the three objects are non zero. That is W ⊥ -coresolution dimension of all objects are non negative. If one of cores.dim W ⊥ (M ) and cores.dim W ⊥ (N ) is infinite, then there is nothing to prove. We shall assume that cores.dim W ⊥ (M ) and cores.dim W ⊥ (N ) are finite. If M ∈ W ⊥ , then all the three objects are in
6. This is a contradiction to cores.dim W ⊥ (N ) = n. Hence m = n + 1. 
In the middle row, X ∈ W ⊥ since W ⊥ is coresolving. From the right column and the middle column, N ∈ fi W ⊥ if and only if L ∈ fi W ⊥ if and only if M ∈ fi W ⊥ . (3) Similar to the proof of (2). 
Clearly, n < ∞. By the Horseshoe Lemma, we have the following commutative diagram 
Proof. (1) . By the analog proof of the Proposition 2.8 and the Horseshoe Lemma,
It remains to show that the above equation with strict inequality is possible only if cores.dim 
Hence by Lemma 2.7, either both Ω −n (M 1 ) and
and hence
and hence cores.dim
The proof is complete. (2) . Similar to the proof of (1). (3) . By (1),
with strict inequality is possible only if cores.dim
Now we only to show that
with all I i and E j being injective for each i ∈ {0, 1, · · · , n} and j ∈ {0, 1, · · · n − 1}, G n+1 and H n being in W ⊥ . Hence
Thus
. This is a contradiction to our assumption. Thus
W-injective dimensions with derived functors
In this section, we give some of the characterizations of W-injective coresolution dimension.
Proposition 3.1. If M ∈ fi W ⊥ and an integer n ≥ 0, then the following are equivalent:
(
where each E i is W-injective.
Proof.
(1) ⇒ (2). We show that by induction on n. Result is clearly true if
By [11, p.235 ] every module admits pure projective pure solution. Then G admits a pure projective pure solution
where the modules P 0 , · · · , P n are pure projective. By [11, Theorem 3.3] , ker d n is pure projective. Hence Ext 
. Let N be a pure projective R-module. There is an exact sequence 0
. Let K n be an nth syzygy of a pure projective R-module N, then there is an exact sequence 6) . Let N be a pure projective R-module. Consider the projective resolution of N · · · → P 1 → P 0 → N → 0. Then we get an exact sequence 0 → K n → · · · → P 1 → P 0 → N → 0 with K n is an nth syzygy. By (5),
are finite, so is the third. Moreover,
Proof. By Proposition 2.8 and Proposition 3.1.
Then the following hold: (
Proof. (1) = (2), (3) ≤ (2) and (4) ≤ (2) are clear.
(2) ≤ (3). Suppose sup{pd(F ) : F is a pure projective R-module} = m < ∞. Let M be an R-module and G any pure projective R-module.
F is a pure projective R-module} = m < ∞. Let M be an R-module. Since every module admits a pure projective preenvelope, there is a short exact sequence 0 → M → F → L → 0, where F is pure projective. By the second condition of Proposition 3.2, cores.dim W ⊥ (M ) ≤ cores.dim W ⊥ (F ) ≤ m. where each E i is both W-injective and pure projective. Hence pd M (M ) ≤ n since pd M (E i ) ≤ n for each i ∈ {0, 1, · · · , m}. Note that cores.dim W ⊥ (P i ) ≤ n for each P i by (5) . Hence by Proposition 3.1, cores.dim W ⊥ (M ) ≤ n.
Application
Recall that an injective envelope α M : M → E(M ) of M has the unique mapping propery in [2] if for any homomorphism f : M → N with N an injective module, there exists a unique homomorphism g : E(M ) → N such that gα M = f . Similarly, we can define W-injective envelope with the unique mapping property. Now we give some equivalent conditions of W-injective envelope with the unique mapping property.
